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a b s t r a c t
The helical flow of an Oldroyd-B fluid with fractional derivatives, also named generalized
Oldroyd-B fluid, in an infinite circular cylinder is studied using Hankel and Laplace
transforms. The motion is due to the cylinder that, at time t = 0+ begins to rotate around
its axis with an angular velocityΩt , and to slide along the same axis with linear velocity Vt .
The components of the velocity field and the resulting shear stresses are presented under
integral and series form in terms of the generalized G and R functions. The solutions that
have been obtained satisfy all imposed initial and boundary conditions, and are presented
as sums of two terms, one of them being a similar solution for a Newtonian fluid. Similar
solutions for generalized Maxwell fluids, as well as those for ordinary Oldroyd-B and
Maxwell fluids are obtained as limiting cases of our general solutions. Furthermore, the
solutions for Newtonian fluids performing the same motion, are also obtained as special
cases of our solutions for α = β = 1 and λr → λ.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Themotion of a fluid in a rotating or sliding cylinder is of interest to both academic workers and industry. For Newtonian
fluids, the transient velocity distribution for the flowwithin a circular cylinder may be found in [1]. The first exact solutions
for flows of non-Newtonian fluids in such a domain seem to be those of Ting [2], corresponding to second grade fluids and
Srivastava [3] for Maxwell fluids. Later, Waters and King [4] studied the start-up Poiseuille flow of an Oldroyd-B fluid in a
straight circular tube, and its decay from the steady-state condition when the pressure gradient is removed. During recent
years, many papers of this type have been published. The most general solutions corresponding to the helical flow of a
second grade fluid seem to be those of Fetecau and Fetecau [5], in which the cylinder is rotating around its axis and sliding
along the same axis with time-dependent velocities. Other interesting solutions for different flows of the same fluids have
been also obtained by Bandelli and Rajagopal [6] and Hayat et al. [7]. Exact solutions for helical flows of Oldroyd-B fluids in
cylindrical domains have been obtained by Wood [8] and Fetecau et al. [9].
An Oldroyd-B fluid is one which stores energy like a linearized elastic solid, its dissipation, however, being due to
two dissipative mechanisms that implies that they arise from a mixture of two viscous fluids. Oldroyd [10] developed
a systematic procedure for developing rate type viscoelastic fluid models. He was careful to build into his framework
the invariance requirements that the models ought to meet, but did not concern itself with thermodynamical issues.
Recently, Rajagopal and Srinivasa [11] have elaborated a thermodynamic framework for systematically developing rate-
type viscoelastic fluidmodels. This framework has, at its basis, a proper choice for how the body stores energy and dissipates
energy.Within the context of such a theory, they developed a generalization of the Oldroyd-Bmodel, whichwhen linearized
appropriately reduces to the classical Oldroyd-B model. The Oldroyd-B model is characterized by three material constants,
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a viscosity, a relaxation time and a retardation time. This model has had some success in describing the response of
some polymeric fluids, being amenable to analysis and more importantly, experimental corroboration. Unfortunately, the
response of polymeric liquids is so complex that no model can adequately describe their response. While an Oldroyd-
B fluid can describe stress-relaxation, creep and the normal stress differences that develop during simple shear flow, it
cannot describe shear thinning or shear thickening, a phenomenon that is exhibited by many polymeric materials. This
notwithstanding, the model can be viewed as one of the most successful models for describing the response of a sub-class
of polymeric fluids.
The Oldroyd-B model contains, as a special case, the Maxwell model for which an inadequacy has been pointed out
by Choi et al. [12]. In simple shear flow of a real fluid, it predicts a linear relation between shear rate and shear stress.
Furthermore, for the Maxwell model it was not possible to achieve a satisfactory fit of experimental data over the entire
range of frequencies [13]. A very good fit of experimental data was achieved when the ordinary Maxwell model has been
replaced by the Maxwell model with fractional calculus [14]. Recently, fractional calculus has encountered much success
in the description of viscoelasticity. Especially, the rheological constitutive equations with fractional derivatives play an
important role in a description of the behavior of polymer solutions and melts. In other cases, it has been shown that the
constitutive equations employing fractional derivatives are also linked to molecular theories [15]. At least the modified
viscoelastic models are appropriate to describe the behavior for Xanthan gum and Sesbania gel [16]. The starting point of
the fractional derivative models of non-Newtonian fluids is usually a classical differential equation, which is modified by
replacing the time derivative of an integer order by the so-called Rieman-Liouville fractional differential operator. There is
a vast literature dealing with such fluids, but we shall recall here only a few of the most recent papers [17–24].
In this note, we consider the viscoelastic fluid to bemodeled as a generalized Oldroyd-B fluid, and also obtain results for a
generalizedMaxwell fluid as a degenerate case. For completeness, we consider the general case of helical flow starting from
rest due to the combined action of a circular cylinder, that rotates around its axis with an angular velocity Ωt and slides
along the same axis with linear velocity Vt . More exactly, some recent results obtained in [9] are extended to Oldroyd-B
fluids with fractional derivatives. The two components of the velocity as well as the resulting shear stresses, obtained by
means of the Laplace and Hankel transforms, are presented under series form in terms of the generalized G and R functions.
Similar solutions for generalizedMaxwell fluids, as well as those for ordinary Oldroyd-B andMaxwell fluids, performing the
same motion, are obtained as limiting cases of our general solutions.
2. Governing equations
The constitutive equations of an incompressible generalized Oldroyd-B fluid (GOF), are given by [25,26]
T = −pI+ S, S+ λDS
Dt
= µ
(
1+ λr DDt
)
A, (1)
where T is the Cauchy stress tensor,−pI denotes the indeterminate spherical stress, S is the extra-stress tensor, A = L+ LT
with L the velocity gradient, µ is the dynamic viscosity of the fluid, λ and λr are the relaxation and retardation times and
DS/Dt and DA/Dt are defined by [27]
DS
Dt
= Dαt S+ V · ∇S− LS− SLT,
DA
Dt
= Dβt A+ V · ∇A− LA− ALT. (2)
Here V is the velocity vector,∇ is the gradient operator, the superscript T denotes the transpose operation and the fractional
differential operators Dαt and D
β
t are defined as [28]
Dpt f (t) = 1
0(1− p)
d
dt
∫ t
0
f (τ )
(t − τ)p dτ ; 0 ≤ p ≤ 1, (3)
where 0(·) is the Gamma function. This model can be reduced to the fractional Maxwell model when λr → 0 and β → 1
and to an ordinary Oldroyd-B model when α = β = 1.
In cylindrical coordinates (r, θ, z), the helical flow velocity is given by [3–9]
V = V(r, t) = ω(r, t)eθ + v(r, t)ez, (4)
where eθ and ez are the unit vectors in the θ and z-directions. For such flows, the constraint of incompressibility is
automatically satisfied. Since the velocity field is independent of θ and z, we also assume that S depends only of r and
t . Furthermore, if the fluid is assumed to be at rest at the moment t = 0, then
S(r, 0) = 0. (5)
Equalities (1)2, (4) and (5) imply Srr = Sθz = 0 and
(1+ λDαt )τ1 = µ(1+ λrDβt )
(
∂ω
∂r
− 1
r
ω
)
, (6)
(1+ λDαt )τ2 = µ(1+ λrDβt )
∂v
∂r
, (7)
where τ1 = Srθ and τ2 = Srz are the shear stresses, which are different of zero.
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In the absence of body forces and a pressure gradient in the axial direction, the balance of the linear momentum leads to
the relevant equations
ρ
∂ω
∂t
= − ∂p
∂θ
+
(
∂
∂r
+ 2
r
)
τ1; ρ ∂v
∂t
=
(
∂
∂r
+ 1
r
)
τ2, (8)
where ρ is the constant density of the fluid and ∂p/∂θ has to be zero due to the rotational symmetry [29].
Eliminating τ1 and τ2 among Eqs. (6)–(8), we attain to the governing equations (see for instance Eq. (8) from [19] and
Eq. (5) from [20] with A = 0)
(1+ λDαt )
∂ω(r, t)
∂t
= ν(1+ λrDβt )
(
∂2
∂r2
+ 1
r
∂
∂r
− 1
r2
)
ω(r, t), (9)
(1+ λDαt )
∂v(r, t)
∂t
= ν(1+ λrDβt )
(
∂2
∂r2
+ 1
r
∂
∂r
)
v(r, t), (10)
where ν = µ/ρ is the kinematic viscosity of the fluid.
3. Helical flow through an infinite circular cylinder
Let us consider an incompressible GOF at rest in an infinite circular cylinder of radius R. At time t = 0+ the cylinder
begins to rotate about its axis (r = 0) with the angular velocity Ωt and to slide along the same axis with a linear velocity
Vt . Due to shear, the fluid is gradually moved; its velocity being of the form (4) while the governing equations are (9) and
(10). Such a flow is usually called helical flow [30], because in general, its streamlines are helices. The appropriate initial and
boundary conditions are
ω(r, 0) = v(r, 0) = ∂ω(r, 0)
∂t
= ∂v(r, 0)
∂t
= 0; r ∈ [0, R) (11)
and
ω(R, t) = RΩ t, v(R, t) = Vt; t ≥ 0. (12)
In order to solve this problem we shall use as in [19,20], the Laplace and Hankel transforms.
3.1. Calculation of the velocity field
Applying the Laplace transform to Eqs. (9) and (10), using the Laplace transform formula for sequential fractional
derivatives [28] and having the initial and boundary conditions (11) and (12) in mind, we find that
(q+ λqα+1)ω(r, q) = ν(1+ λrqβ)
(
∂2
∂r2
+ 1
r
∂
∂r
− 1
r2
)
ω(r, q); r ∈ (0, R), (13)
(q+ λqα+1)v(r, q) = ν(1+ λrqβ)
(
∂2
∂r2
+ 1
r
∂
∂r
)
v(r, q); r ∈ (0, R), (14)
where the image functions ω(r, q) and v(r, q) of ω(r, t) and v(r, t) have to satisfy the conditions
ω(R, q) = Ω R
q2
, v(R, q) = V
q2
. (15)
Multiplying now both sides of Eqs. (13) and (14) by rJ1(rr1n) and rJ0(rr0n), respectively, integrating them with respect to
r from 0 to R and taking into account the conditions (15) and Eqs. (A.1) and (A.2) from Appendix, we find that
ωH(r1n, q) = νΩR2r1nJ2(Rr1n) 1+ λrq
β
q2[q+ λqα+1 + νr21n(1+ λrqβ)]
(16)
and
vH(r0n, q) = νVR r0nJ1(Rr0n) 1+ λrq
β
q2[q+ λqα+1 + νr20n(1+ λrqβ)]
, (17)
where
ωH(r1n, q) =
∫ R
0
rω(r, q)J1(rr1n)dr, vH(r0n, q) =
∫ R
0
rv(r, q)J0(rr0n)dr, (18)
are the Hankel transforms of ω(r, q) and v(r, q), while r1n and r0n are the positive roots of the transcendental equations
J1(Rr) = 0 and J0(Rr) = 0, respectively.
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In order to determineω(r, q) and v(r, q), wemust apply the inverse Hankel transforms [31]. However, for amore suitable
presentation of the final results, we firstly rewrite in equivalent forms the q-terms from Eqs. (16) and (17). More exactly,
1+ λrqβ
q2[q+ λqα+1 + νr2mn + νλr r2mnqβ ]
= 1
νr2mn
[
1
q2
− 1+ λq
α
q(q+ λqα+1 + νr2mn + νλr r2mnqβ)
]
= 1
νr2mn
{
1
q2
− 1
νr2mn
(
1
q
− 1
q+ νr2mn
)
− νr2mn
λqα−1 − λrqβ−1
(q+ νr2mn)(q+ λqα+1 + νr2mn + νλr r2mnqβ)
}
, (19)
wherem = 0, 1. Now, in view of Eqs. (16), (17), (19), (A.3) and (A.4), it is clearly that
ω(r, q) = r Ω
q2
− 2Ω
ν
∞∑
n=1
(
1
q
− 1
q+ νr21n
)
J1(rr1n)
r31nJ2(Rr1n)
− 2νΩ
∞∑
n=1
r1nJ1(rr1n)
J2(Rr1n)
λqα−1 − λrqβ−1
(q+ νr21n)(q+ λqα+1 + νr21n + νλr r21nqβ)
(20)
and
v(r, q) = V
q2
− 2V
νR
∞∑
n=1
(
1
q
− 1
q+ νr20n
)
J0(rr0n)
r30nJ1(Rr0n)
− 2νV
R
∞∑
n=1
r0nJ0(rr0n)
J1(Rr0n)
λqα−1 − λrqβ−1
(q+ νr20n)(q+ λqα+1 + νr20n + νλr r20nqβ)
. (21)
Finally, in order to obtain ω(r, t) = L−1{ω(r, q)} and v(r, t) = L−1{v(r, q)} and to avoid the lengthy calculations of
residues and contour integrals, we will apply the discrete inverse Laplace transform method [17–24,26,32]. For this, using
(A.5), we firstly write the expansion
λqα−1 − λrqβ−1
q+ λqα+1 + νr2(1+ λrqβ) =
∞∑
k=0
m+l=k∑
m,l≥0
(
−νr
2
λ
)k k! λmr
m! l!
[
qα+βm−k−2
(qα + 1/λ)k+1 −
λr
λ
qβ(m+1)−k−2
(qα + 1/λ)k+1
]
. (22)
Introducing (22) into (20) and (21), applying the discrete inverse Laplace transform and using the property (A.6) and (A.7),
we find for ω(r, t) and v(r, t) the expressions
ω(r, t) = ωN(r, t)− 2νΩ
∞∑
n=1
r1nJ1(rr1n)
J2(Rr1n)
∞∑
k=0
m+l=k∑
m,l≥0
(
−ν r
2
1n
λ
)k k! λmr
m! l!
×
∫ t
0
e−νr
2
1n(t−s)
{
Gα,a+βm,b
(
−1
λ
, s
)
− λr
λ
Gα,c+βm,b
(
−1
λ
, s
)}
ds, (23)
respectively,
v(r, t) = vN(r, t)− 2ν VR
∞∑
n=1
r0nJ0(rr0n)
J1(Rr0n)
∞∑
k=0
m+l=k∑
m,l≥0
(
−ν r
2
0n
λ
)k k! λmr
m! l!
×
∫ t
0
e−νr
2
0n(t−s)
{
Gα,a+βm,b
(
−1
λ
, s
)
− λr
λ
Gα,c+βm,b
(
−1
λ
, s
)}
ds, (24)
where (cf. [9], Equations (5.1) and (5.2) with α = 0)
ωN(r, t) = rΩt − 2Ω
ν
∞∑
n=1
(
1− e−νr21nt
) J1(rr1n)
r31nJ2(Rr1n)
(25)
and
vN(r, t) = Vt − 2V
νR
∞∑
n=1
(
1− e−νr20nt
) J0(rr0n)
r30nJ1(Rr0n)
, (26)
are the similar solutions for Newtonian fluids and (see [33], the pages 14 and 15)
Gα,a,b
(
−1
λ
, t
)
=
∞∑
j=0
(
−1
λ
)j
(b)j tα(j+b)−a−1
0(j+ 1)0[α(j+ b)− a] , (27)
where a = α − k− 2, b = k+ 1, c = β − k− 2 and (b)j = b(b+ 1) · · · (b+ j− 1) is the Pochhammer polynomial.
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3.2. Calculation of the shear stress
Applying the Laplace transform to Eqs. (6) and (7), and using the initial condition (5), we find that
τ 1(r, q) = µ1+ λrq
β
1+ λqα
[
∂ω(r, q)
∂r
− 1
r
ω(r, q)
]
, (28)
respectively
τ 2(r, q) = µ1+ λrq
β
1+ λqα
∂v(r, q)
∂r
. (29)
The image functions ω(r, q) and v(r, q) of ω(r, t) and v(r, t) can be easy obtained using Eqs. (23), (24) and (27).
Consequently, applying the Laplace transform to Eqs. (23) and (24), differentiating the results with respect to r and using
the identity
rJ ′1(rr1n)− J1(rr1n) = −rr1nJ2(rr1n), (30)
we find that
∂ω(r, q)
∂r
− 1
r
ω(r, q) = 2Ω
ν
∞∑
n=1
(
1
q
− 1
q+ νr21n
)
J2(rr1n)
r21nJ2(Rr1n)
+ 2νΩ
∞∑
n=1
r21nJ2(rr1n)
J2(Rr1n)
∞∑
j,k=0
m+l=k∑
m,l≥0
(
−1
λ
)j (
−ν r
2
1n
λ
)k
(k+ 1)j
0(j+ 1)
× k! λ
m
r
m! l!
1
q+ νr21n
[
1
qα(j+b)−βm−a
− λr
λ
1
qα(j+b)−βm−c
]
, (31)
∂v(r, q)
∂r
= 2V
νR
∞∑
n=1
(
1
q
− 1
q+ νr20n
)
J1(rr0n)
r20nJ1(Rr0n)
+ 2νV
R
∞∑
n=1
r20nJ1(rr0n)
J1(Rr0n)
∞∑
j,k=0
m+l=k∑
m,l≥0
(
−1
λ
)j (
−ν r
2
0n
λ
)k
(k+ 1)j
0(j+ 1)
× k! λ
m
r
m! l!
1
q+ νr20n
[
1
qα(j+b)−βm−a
− λr
λ
1
qα(j+b)−βm−c
]
. (32)
Introducing (31) and (32) into (28) and (29), applying the inverse Laplace transform and using again the property (A.6),
Eqs. (A.8) and (A.9) and the immediate decomposition
1+ λrqβ
1+ λqα = 1+
λrqβ − λqα
1+ λqα = 1+
λr
λ
qβ
qα + 1/λ −
qα
qα + 1/λ, (33)
we get the shear stresses τ1(r, t) and τ2(r, t) under forms
τ1(r, t) = τ1N(r, t)+ 2µΩ
∞∑
n=1
J2(rr1n)
J2(Rr1n)
∫ t
0
e−νr
2
1n(t−s)
[
λr
λ
Rα,β−1
(
−1
λ
, 0, s
)
− Rα,α−1
(
−1
λ
, 0, s
)]
ds
+ 2νµΩ
∞∑
n=1
r21nJ2(rr1n)
J2(Rr1n)
∞∑
j,k=0
m+l=k∑
m,l≥0
(
−1
λ
)j (
−ν r
2
1n
λ
)k
× (k+ 1)j
0(j+ 1)
k! λmr
m! l!
∫ t
0
∫ σ
0
e−νr
2
1n(σ−s)gjk(s)Rα,0
(
−1
λ
, 0, t − σ
)
ds dσ (34)
and
τ2(r, t) = τ2N(r, t)+ 2µVR
∞∑
n=1
J1(rr0n)
J1(Rr0n)
∫ t
0
e−νr
2
0n(t−s)
[
λr
λ
Rα,β−1
(
−1
λ
, 0, s
)
− Rα,α−1
(
−1
λ
, 0, s
)]
ds
+ 2νµV
R
∞∑
n=1
r20nJ1(rr0n)
J1(Rr0n)
∞∑
j,k=0
m+l=k∑
m,l≥0
(
−1
λ
)j (
−ν r
2
0n
λ
)k
× (k+ 1)j
0(j+ 1)
k! λmr
m! l!
∫ t
0
∫ σ
0
e−νr
2
0n(σ−s)gjk(s)Rα,0
(
−1
λ
, 0, t − σ
)
ds dσ , (35)
where (cf. [9], Eqs. (5.3) and (5.4) with α = 0)
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τ1N(r, t) = 2ρΩ
∞∑
n=1
(
1− e−νr21nt
) J2(rr1n)
r21nJ2(Rr1n)
, (36)
τ2N(r, t) = 2ρVR
∞∑
n=1
(
1− e−νr20nt
) J1(rr0n)
r20nJ1(Rr0n)
, (37)
are the shear stresses corresponding to a Newtonian fluid performing the samemotion; the generalized function Ra,b(c, d, t)
is defined by [33]
Ra,b(c, d, t) =
∞∑
n=0
cn(t − d)(n+1)a−b−1
0[(n+ 1)a− b] (38)
and
gjk(t) = λr
λ
tα(j+b)−β(m+1)−a−1
0[α(j+ b)− β(m+ 1)− a] +
1
λ
tα(j+b)−βm−a−1
0[α(j+ b)− βm− a]
−
(
λr
λ
)2 tα(j+b)−β(m+1)−c−1
0[α(j+ b)− β(m+ 1)− c] −
λr
λ2
tα(j+b)−βm−c−1
0[α(j+ b)− βm− c] . (39)
4. Limiting cases
1.Making λr → 0 and β → 1 into Eqs. (23), (24), (34) and (35), we obtain the velocity components
ω(r, t) = ωN(r, t)− 2νΩ
∞∑
n=1
r1nJ1(rr1n)
J2(Rr1n)
∞∑
k=0
(
−ν r
2
1n
λ
)k ∫ t
0
e−νr
2
1n(t−s)Gα,a,b
(
−1
λ
, s
)
ds (40)
v(r, t) = vN(r, t)− 2νVR
∞∑
n=1
r0nJ0(rr0n)
J1(Rr0n)
∞∑
k=0
(
−ν r
2
0n
λ
)k ∫ t
0
e−νr
2
0n(t−s)Gα,a,b
(
−1
λ
, s
)
ds (41)
and the associated tangential stresses
τ1(r, t) = τ1N(r, t)− 2µΩ
∞∑
n=1
J2(rr1n)
J2(Rr1n)
∫ t
0
e−νr
2
1n(t−s)Rα,α−1
(
−1
λ
, 0, s
)
ds
+ 2νµΩ
λ
∞∑
n=1
r21nJ2(rr1n)
J2(Rr1n)
∞∑
j,k=0
(
−1
λ
)j (
−ν r
2
1n
λ
)k
(k+ 1)j
0(j+ 1)0[α(j+ b)− a]
×
∫ t
0
∫ σ
0
e−νr
2
1n(σ−s) sα(j+b)−a−1Rα,0
(
−1
λ
, 0, t − σ
)
ds dσ , (42)
τ2(r, t) = τ2N(r, t)− 2µVR
∞∑
n=1
J1(rr0n)
J1(Rr0n)
∫ t
0
e−νr
2
0n(t−s)Rα,α−1
(
−1
λ
, 0, s
)
ds
+ 2νµV
λR
∞∑
n=1
r20nJ1(rr0n)
J1(Rr0n)
∞∑
j,k=0
(
−1
λ
)j (
−ν r
2
0n
λ
)k
(k+ 1)j
0(j+ 1)0[α(j+ b)− a]
×
∫ t
0
∫ σ
0
e−νr
2
0n(σ−s) sα(j+b)−a−1Rα,0
(
−1
λ
, 0, t − σ
)
ds dσ , (43)
corresponding to a generalized Maxwell fluid performing the same motion.
2. By now letting α → 1 into (40)–(43), similar solutions, corresponding to the classical Maxwell fluid are recovered.
The velocity components for instance are
ω(r, t) = ωN(r, t)− 2νΩ
∞∑
n=1
r1nJ1(rr1n)
J2(Rr1n)
∞∑
j,k=0
(
−1
λ
)j (
−ν r
2
1n
λ
)k
× (k+ 1)j
0(j+ 1)0(j+ 2k+ 2)
∫ t
0
e−νr
2
1n(t−s) sj+2k+1ds, (44)
v(r, t) = vN(r, t)− 2νVR
∞∑
n=1
r0nJ0(rr0n)
J1(Rr0n)
∞∑
j,k=0
(
−1
λ
)j (
−ν r
2
0n
λ
)k
× (k+ 1)j
0(j+ 1)0(j+ 2k+ 2)
∫ t
0
e−νr
2
0n(t−s) sj+2k+1ds (45)
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a. t = 5 s. b. t = 10 s.
c. t = 30 s.
Fig. 1. Profiles of the rotational velocity ω(r, t) given by Eq. (44) — curve ω1 and Eq. (46) — curve ω2.
and their diagrams, as it results from Figs. 1 and 2, are almost identical to those corresponding to the solutions
ω(r, t) = rΩt − 2Ω
ν
∞∑
n=1
J1(rr1n)
r31nJ2(Rr1n)
+ 2Ω
ν
exp
(
− t
2λ
) ∞∑
n=1
φ1n(t)
J1(rr1n)
r31nJ2(Rr1n)
, (46)
v(r, t) = Vt − 2V
νR
∞∑
n=1
J0(rr0n)
r30nJ1(Rr0n)
+ 2V
νR
exp
(
− t
2λ
) ∞∑
n=1
φ0n(t)
J0(rr0n)
r30nJ1(Rr0n)
, (47)
obtained in [9] by a different technique. In the above relations
φmn(t) =

cosh
(
γmnt
2λ
)
+ 1− 2νλr
2
mn
γmn
sinh
(
γmnt
2λ
)
if rmn <
1
2
√
νλ
t
2λ
+ 1 if rmn = 1
2
√
νλ
cos
(
δmnt
2λ
)
+ 1− 2νλr
2
mn
δmn
sin
(
δmnt
2λ
)
if rmn >
1
2
√
νλ
,
(48)
where γmn =
√
1− 4νλr2mn, δmn =
√
4νλr2mn − 1 andm = 0, 1.
Of course, making λ→ 0 into (46) and (47) the solutions for Newtonian fluids (25) and (26) are recovered. Furthermore,
from Figs. 3 and 4 it clearly results that for α → 1 the diagrams of ω(r, t) and v(r, t) given by Eqs. (40) and (41) tend to
superpose over those corresponding to Eqs. (44) and (45). For comparison, the profiles of the Newtonian velocities are also
depicted.
3. In the special case, when α and β → 1, the model (1) reduces to the classical Oldroyd-B model and ω(r, t), v(r, t),
τ1(r, t) and τ2(r, t), given by (23), (24), (34) and (35) take simplified forms. The velocity components, for instance, become
ω(r, t) = ωN(r, t)− 2νΩ λ− λr
λ
∞∑
n=1
r1nJ1(rr1n)
J2(Rr1n)
×
∞∑
k=0
m+l=k∑
m,l≥0
(
−ν r
2
1n
λ
)k k! λmr
m! l!
∫ t
0
e−νr
2
1n(t−s)G1,m−k−1,k+1
(
−1
λ
, s
)
ds, (49)
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a. t = 5 s. b. t = 10 s.
c. t = 30 s.
Fig. 2. Profiles of the axial velocity v(r, t) given by Eq. (45) — curve v1 and Eq. (47) — curve v2.
a. t = 5 s. b. t = 30 s.
Fig. 3. Profiles of the rotational velocity ω(r, t) given by Eq. (25) — curve ωN , Eq. (40) — curves ω1, ω2, ω3 and Eq. (44) — curve ω4.
v(r, t) = vN(r, t)− 2νVR
λ− λr
λ
∞∑
n=1
r0nJ0(rr0n)
J1(Rr0n)
×
∞∑
k=0
m+l=k∑
m,l≥0
(
−ν r
2
0n
λ
)k k! λmr
m! l!
∫ t
0
e−νr
2
0n(t−s)G1,m−k−1,k+1
(
−1
λ
, s
)
ds (50)
and their diagrams, as it results from Figs. 5 and 6, are almost identical to those corresponding to the solutions
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a. t = 5 s. b. t = 30 s.
Fig. 4. Profiles of the axial velocity v(r, t) given by Eq. (26) — curve vN , Eq. (41) — curves v1, v2, v3 and Eq. (45) — curve v4.
a. t = 5 s. b. t = 10 s.
c. t = 15 s
Fig. 5. Profiles of the rotational velocity ω(r, t) given by Eq. (49) — curve ω1 and Eq. (51) — curve ω2, for v = 0.003,Ω = 1, λ = 5, λr = 2, R = 1.
ω(r, t) = rΩt − 2Ω
ν
∞∑
n=1
[
1− r2r3 exp(r1t)− r1r4 exp(r2t)
r2 − r1 λ
]
J1(rr1n)
r31nJ2(Rr1n)
, (51)
v(r, t) = Vt − 2V
νR
∞∑
n=1
[
1− r2r3 exp(r1t)− r1r4 exp(r2t)
r2 − r1 λ
]
J0(rr0n)
r30nJ1(Rr0n)
, (52)
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a. t = 5 s. b. t = 10 s.
c. t = 15 s.
Fig. 6. Profiles of the axial velocity v(r, t) given by Eq. (50) — curve v1 and Eq. (52) — curve v2, for v = 0.003, V = 1, λ = 5, λr = 2, R = 1.
given by Eqs. (4.1) and (4.2) from [9]. In the above relations
r1,2 = −(1+ νλrξ
2)±√(1+ νλrξ 2)2 − 4νλξ 2
2λ
and
r3,4 = 1− νλrξ
2 ±√(1+ νλrξ 2)2 − 4νλξ 2
2λ
.
Making λr → λ into (49) and (50) as well as in (51) and (52), it clearly results that ω(r, t) → ωN(r, t) and v(r, t) →
vN(r, t). Looking to Eq. (39), it clearly results that for α and β → 1 and λr → λ the functions gjk(t)→ 0. Consequently, as
it was to be expected, τ1(r, t)→ τ1N(r, t) and τ2(r, t)→ τ2N(r, t).
5. Conclusion
In this paper, closed form expressions for the two components of the velocity field and the resulting shear stresses,
corresponding to the unsteady helical flow of an incompressible generalized Oldroyd-B fluid, have been determined, using
Hankel and Laplace transforms. The motion of the fluid is produced by the circular cylinder that at the initial moment
begins to rotate around its axis with an angular velocity Ωt , and to slide along the same axis with a linear velocity Vt . In
order to avoid the lengthy calculations of residues and contour integrals, the discrete inverse Laplace transform method
is applied. The solutions that have been obtained, written under integral and series form in terms of generalized G and
R functions, satisfy all imposed initial and boundary conditions. Furthermore, they are presented as a sum between the
Newtonian solutions and the adequate non-Newtonian contributions.
Making λr → 0 and β → 1 or λr → 0, β → 1 and α → 1 into Eqs. (23), (24), (34) and (35), the similar solutions
for generalized and ordinary Maxwell fluids are obtained. From Figs. 1 and 2 it is clearly seen that the diagrams of ω(r, t)
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Fig. 7. Profiles of the rotational velocity ω(r, t) given by Eq. (49) — curve ω and Eq. (23) — curves ω1 and ω2, for R = 1,Ω = 1, v = 0.002, λ = 10, λr =
5, β = 0.9, t = 15 s and α = 0.1 and 0.8.
Fig. 8. Profiles of the rotational velocity ω(r, t) given by Eq. (49) — curve ω and Eq. (23) — curves ω1 and ω2, for R = 1,Ω = 1, v = 0.002, λ = 10, λr =
5, α = 0.9, t = 15 s and β = 0.1 and 0.8.
and v(r, t) given by Eqs. (44) and (45) are almost identical to those corresponding to (46) and (47) and obtained in [9]
by a different technique. In Figs. 3 and 4, for comparison, the diagrams of ω(r, t) and v(r, t) corresponding to Newtonian,
Maxwell and generalizedMaxwell fluids (forα = 0.01; 0.5; 0.9) are together presented. Forα→ 1, as itwas to be expected,
the diagrams corresponding to a generalized Maxwell fluid tend to those for an ordinary Maxwell fluid, for α = 0.9, being
almost identical. The values of the material constants ν = 0.003, λ = 6 as well as those of R = 1,Ω = 1 and V = 1 are the
same for all figures.
In the special casewhenα = β = 1 andλr → λ, as to be expected, the general solutions (23), (24), (34) and (35) reduce to
similar solutions (25), (26), (36) and (37) corresponding to aNewtonian fluid performing the samemotion. For completeness,
some graphical illustrations corresponding to ordinary and generalized Oldroyd-B fluid have been also included in Figs. 5–8.
It is clearly seen from Figs. 5 and 6 that our limiting solutions (49) and (50) are identical to those obtained in [9] and given
here by Eqs. (51) and (52). Figs. 7 and 8 show that for α and β → 1, the diagrams of ω(r, t) corresponding to a GOF tend
to those for an ordinary Oldroyd-B fluid, for α = 0.8 and β = 0.9 as well as for α = 0.9 and β = 0.8 they being almost
identical. Furthermore, the influence of the fractional parameters on the motion of the fluid is opposite. More accurately,
the velocity of the fluid increases if α increases and decreases for increasing β . Of course, as well as in [9], the roots r0n and
r1n have been approximated by (4n− 1)pi/(4R) and (4n+ 1)pi/(4R), respectively.
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Appendix
∫ R
0
r
(
∂2ω
∂r2
+ 1
r
∂ω
∂r
− ω
r2
)
J1(rr1n)dr = Rr1nJ2(Rr1n)ω(R, t)− r21nωH(r1n, t). (A.1)∫ R
0
r
(
∂2v
∂r2
+ 1
r
∂v
∂r
)
J0(rr0n)dr = Rr0nJ1(Rr0n)v(R, t)− r20nvH(r0n, t). (A.2)
ω(r, t) = 2
R2
∞∑
n=1
ωH(r1n, t)
J1(rr1n)
J22 (Rr1n)
, v(r, t) = 2
R2
∞∑
n=1
vH(r0n, t)
J0(rr0n)
J21 (Rr0n)
. (A.3)
∫ R
0
r2J1(rr1n)dr = R
2
r1n
J2(Rr1n),
∫ R
0
rJ0(rr0n)dr = Rr0n J1(Rr0n). (A.4)
1
z + a =
∞∑
k=1
(−1)k z
k
ak+1
; (b+ 1)k =
k∑
m=0
Cmk b
m =
m+l=k∑
m,l≥0
k! bm
m! l! . (A.5)
If u1(t) = L−1{u1(q)} and u2(t) = L−1{u2(q)} then
L−1{u1(q)u2(q)} = (u1 ∗ u2)(t) =
∫ t
0
u1(t − s)u2(s)ds =
∫ t
0
u1(s)u2(t − s)ds. (A.6)
Ga,b,c(p, t) = L−1
{
qb
(qa − p)c
}
; Re(ac − b) > 0, Re(q) > 0,
∣∣∣∣ pqa
∣∣∣∣ < 1 (A.7)
L−1
{
1
qp+1
}
= t
p
0(p+ 1) ; Re(p) > −1, Re(q) > 0. (A.8)
Ra,b(c, 0, t) = L−1
{
qb
qa − c
}
; Re(a− b) > 0, Re(q) > 0. (A.9)
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